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Describing of Thin Geometries Using Heeke Groups 
GERT HILLEBRANDT 
In this paper, we define the Hecke group of a thin geometry of finite rank, and give a 
complete group-theoretical description of every strongly connected, thin geometry of finite 
rank. Furthermore, given any thin geometry of finite rank, the automorphism group and deck 
transformation group can be assigned as factor groups of known subgroups of the Hecke group. 
Moreover, we show that, for every thin geometry, there is a Coxeter geometry as a 1-covering, 
which is a universal 2-covering, if both geometries are of type M. This presentation also 
includes strongly connected, thin geometries with non-flag-transitive automorphism groups, 
and gives an independent and simpler proof (for thin geometries) of the well known theorem of 
Tits [6]. 
1. INTRODUCTION 
In [4], Ott defined the Hecke algebra for any geometry of finite rank. The generators 
of the Hecke algebra form a group if the geometry is thin. This group is the Hecke 
group, and the Hecke algebra is its group algebra. First of all, we prove that every 
strongly connected, thin geometry can be realized by its Hecke group as a set of double 
cosets. Secondly, we give a necessary and sufficient condition for the existence of 
special automorphisms by the stabilizers of chambers of the Hecke group. In the next 
section, we investigate m-coverings of thin geometries and give necessary and sufficient 
conditions for the existence of an m-covering. Furthermore, we show that, for every 
strongly connected, thin geometry, there exists a Coxeter geometry as a I-covering. 
The Coxeter geometry, is, moreover, a universal 2-covering if both geometries are of 
the same type M. Many authors, (cf. [1] and [3]), investigate thin geometries which are 
non-diagram of non-type M geometries in the sense of Tits's paper [6]. For any such 
geometry r, it is therefore natural to search for a Coxeter geometry ~ that is a 
I-covering of r such that, if II is another Coxeter geometry covering r then II covers 
~. In the last section, some concluding remarks on deck transformations will be given. 
2. NOTATION AND TERMINOLOGY 
First of all, we recall some definitions. A geometry r of finite rank over the set Nn> 
the natural numbers {I, ... , n}, consists of a set S, a surjective map t: S~Nn' called 
the type map, and a binary symmetric relation I onto S, called the incidence relation, 
such that, for any two elements x, YES, we have t(x) = t(y) and xly iff x = y. For any 
maximal subset C of S, the elements of which are pairwise incident, we have t( C) = n. 
This subset C is called a chamber, and any subset of a chamber is called a flag. The 
rank of r is defined as the number n. Two chambers are i-adjacent if they differ in at 
most one element. We say that a geometry is connected if two chambers can be joined 
by a gallery (i.e. there exists a finite sequence of adjacent chambers joining them). Let 
A be a flag and SA be the set of all elements of S\A that are incident with all elements 
of A. This subgeometry of r is called the residue of A in r over the set Nn \t(A), and it 
is denoted by ~. We say that a geometry is strongly connected if all residues are 
connected. For strongly connected geometries, the definition given here, in [3] and in 
[6] are equivalent. A geometry is thin, if every flag A of co rank 1 (i.e. if 
corank(A) = rank(~» is contained in exactly two chambers. 
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All geometries which we consider are strongly connected and thin. 
A morphism of geometries r and II is a type-preserving map f: r ~ II which sends 
incident pairs onto incident pairs. A morphism f: r~ I1 is an isomorphism if there 
exists a morphism g: II ~ r such that gf = 1 rand fg = 111. A morphism p: r ~ II is an 
m-eovering if the induced morphism PA: ~ ~ IIp(A), the restriction of p to ~, is an 
isomorphism for every flag A of r of corank m. The set of all chambers of a geometry 
ris denoted by F(r), and IXI is defined as the cardinality of the set X. For a flag Fthe 
cotype of F is defined as the subset et(F):= Nn \t(F) of Nn • A geometry r is of type M 
if, for every flag F of co type {i, j}, the residue of F in r is an M(i, j)-gon, where 
M(i,j) E N. 
3. THE HEeKE GROUP OF A THIN GEOMETRY 
DEFINITION 3.1. Let r be a geometry, and let i be a type. Let a; be defined by the 
clause, a;(E) = F for every pair of distinct i-adjacent chambers, E -; F. It is easily seen 
that a; is actually a well defined mapping from F(r) to F(r) (because r is thin). 
Moreover, it is an involution, and the group generated by these involutions is called 
the Heeke group of r, and will be denoted by H(r). Clearly, since r is connected, 
H(r) is transitive on chambers. 
Let A be a chamber of r. Then H(r)A denotes the stabilizer of A. 
We write H;(r) to denote the subgroup of H(r) generated by {aj ! j * i}. Clearly, 
H;(r) * H;(r) if i * j. 
REMARK. The mappings a; defined above need not be automorphism of r. They 
are merely involutory permutations of the set F(r). When ris a Coxeter geometry, its 
Hecke group is isomorphic with the group Aut,(r) of special automorphisms of r 
(Coxeter group). In that case, these two groups actually provide two distinct 
realizations of the Coxeter group. 
Now we are able to state our first theorem. 
THEOREM 3.2. Let r:= (S, I, t) be a geometry over the set Nn • Let H(r) be the 
Heeke group and H(r)c be the stabilizer of the chamber C. Let S* be defined by 
S* = {H;(r)aH(r)c liE Nn> a E H(r)}, 
let J* be defined by 
H;(r)aH(r)cJ* H;(r)-rH(r)c iff H;(r)aH(r)c n H;(r)-rH(r)c * 0. 
and let t* be defined by t*(Hk(r)aH(r)d = k. (Since t* depends only on Hk(r), it is well 
defined.) 
Then r* = (S*; J*; t*) is a geometry isomorphic to r. 
PROOF. We set H = H(r), H; = H;(r) and U = H(r)c. Let x E rbe of type i and D 
be a chamber containing x. Since H is transitive on the set of the chambers, we find an 
element a E H such that a(C) = D. We define f(x) = H;aU; then f is well defined. As 
for this, let E be another chamber such that xED n E. Again we find an element -r E H 
such that -r(C) = E, and we have -ra-1(D) = E. On the other hand, by strong 
connectedness, H; is transitive on the set of the chambers of the residue F.,. Therefore 
there is an element y E Hi such that y(D) = E. This shows that ya(C) = y(D) = E = 
-r( C), and hence -r-1ya E U. Now we have Hi-rU = H;-r( -r-lya)U = H;yaU = H;aU as 
required. 0 
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We prove that f is surjective. Let HiaU E S*; then x E a(C) n r1(i) implies that 
f(x) = HiaU. We show that f is injective. Let x, y E r be different elements such that 
f(x) = HiaU and f(y) = ~r:U. If i *- j, there is nothing to prove. We may assume that 
i = j. We suppose that HiaU = Hir:U. Then r: = aap, where a E Hi' P E U. Therefore 
r:(C) = aaP(C) = aa(C). On the other hand, x E a(C) n r1(i) implies x E aa(C) n 
t-1(i) because a E Hi' But now we have y = x E r:( C) n r1(i), contradicting the 
assumption that x *- y. 
Finally, we prove thatfis a isomorphism. Let x, YES be different incident elements. 
Then we find a chamber F and an element K E H such that x, y E F and K(C) = F. 
Clearly, f(x) = HiKU, and f(y) = ~KU. We have f(x)I*f(y). Conversely, let 
f(x)I*f(y). Then, by the definition of I*, there is an element ~ Ef(x) nf(y) for which 
we have f(x) = Ht(x)~U, and f(y) = Ht(y)~U. Hence x, y E ~(C), and the proof is 
complete. 
Instead of r*, we will sometimes write r(Hc). 
REMARK. Let r be a geometry, H(r) be its Hecke group, and D be a chamber of 
r. Let f be the isomorphism as in Theorem 3.2. Then f(D) is also a chamber. Every 
chamber is therefore of the form {HiaHe liE Nn }, where a E H(r), and C is any 
chamber. Moreover, as a permutation group only; not as an automorphism group, the 
Hecke group acts on the chambers of r(Hc) by r:( {HiaHe liE Nn }) = {HiWHe liE 
Nn }. 
COROLLARY 3.3. Let r be a geometry. Let C, D be chambers, and let y E H be such 
that y(C) = D. Then y(HiaHc) = Hiay-1HD defines a isomorphism from r(Hc) onto 
r(HD)' 
PROOF. By Theorem 3.2 there are isomorphisms f: r~ r(Hc), and g: r~ r(HD)' 
Clearly, gf-1: r(Hc)~ r(HD) is an isomorphism and gf-1(HiaHc) = Hiay-1HD, 
because we know that x E a(C) and x E r:(D), where t(x) = i implies r: = ay-1. Now set 
y =gf-1. 
COROLLARY 3.4. Let r be a geometry and H be its Hecke group. For any subset 
M ~ Nn and any r: E H we have the equality: 
n Hir:He = (n H;) r:He· 
ieM ieM 
PROOF. We set U = He. The flag {Hir:U liE M} is contained in the chamber 
{Hir:U liE Nn }. Let K E niEMHir:U, then {Hir:U liE M} = {HiKU liE M} is also 
contained in the chamber {HiKU liE Nn }. Let y E H be such that y( {Hir:U liE Nn }) = 
{Hiyr:U liE Nn } = {HiKU liE Nn }. It follows that yr:(C) = K(C), and hence yr:U = KU. 
By the strong connectedness of r we can always assume that we have chosen y such 
that y E niEMHi, and we see that (K = yr:!l-) E (niEMHi)r:U, for some !l- E U. The 
converse inclusion always holds. 0 
4. THE AUTOMORPHISMS OF A THIN GEOMETRY 
Firstly, we note that every automorphism commutes with all elements of the Hecke 
group, because any automorphism preserves i-adjacency of chambers. 
LEMMA 4.1. Let r be a geometry and H be the Hecke group of r. There exists a 
automorphism 4J E Autt(r) such that 4J(C) = D iff He = HD-
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PROOF. Let 4> E Autt(r) such that 4>(C) = D, and let a E He. Then a(D) = 
a( 4>( C)) = 4>( a( C)) = 4>( C) = D forces a E HD. Since both subgroups are conjugated, 
we obtain He = HD. Conversely, let He = HD and y E H be such that y(C) = D. Then 
He = HD = Hy(C) = yHey-l, hence y E NH(Hc) the normalizer of He in H. By 
Corollary 3.3, we see that y(HiaHc) = Hiay-1He defines a automorphism of r(Hc). 
Finally, let f be the isomorphism of Theorem 3.2; then rlYf E Autt(r) has the desired 
property f-IYf(C) = D. 0 
THEOREM 4.2. Let r be a geometry, H be the Hecke group of rand C be a chamber 
ofr: 
(1) Autt(r)=NH(Hc)/He , the set {D EF(r) I He=HD} is an orbit for the action of 
Autt(r) on F(r), and Autt(r) is regular on each of its orbits of F(r). 
(2) Autt(r) acts regularly on the chambers of r iff H acts regularly on the chambers. 
PROOF. (1) Letfbe the isomorphism from rto r(Hc) considered in Theorem 3.2. 
Let y, II- ENH(Hc): then, in view of Lemma 4.1, we see that Yii= yp. Therefore, 
'1': NH(Hc)~Autt(r) defined by '1'(y) = f-IYfis a homomorphism of groups. On the 
other hand, it is well known that the only automorphism which fixes one chamber is the 
identity, because the geometry is thin. Thus, by Lemma 4.1, '1' is an epimorphism of 
groups. To show that the kernel of '1' is just He, we know that f1rf-1 = 1r (Hc). Then 
the assertion follows immediately from the definition of y and Corollary 3.4. The fact 
that {D E F(r) I He = HD} is an orbit of Autt(r) is an easy consequence of Lemma 4.1. 
(2) From Theorem 1.2 we obtain immediately that H acts regularly iff He = {1}. 0 
COROLLARY 2.3. Let r be a finite geometry, let H be the Hecke group of rand let C 
be a chamber of r. Let KH(Hc) be the class of all subgroups which are conjugated to 
He. Then 
PROOF: 
5. COVERINGS OF THIN GEOMETRIES 
We recall that a morphism p from r to II is an m-covering iff p is surjective and Pe, 
the restriction of p to re , is an isomorphism from re to IIp(C) for all flags C of corank 
m in r. In particular, r and II have the same finite rank. 
DEFINITION 5.1. Let r be a geometry of rank n. Let H be the Hecke group of r. 
Let {al> ... , an} be the generators of H. For every flag F we set ct(F): = Nn \t(F) and 
define 
H(r)ct(F) = < ai E {al> ... , an} liE ct(F). 
THEOREM 5.2. Let r and II be geometries of rank n, let H(r) and H(II) be their 
respective Hecke groups, and let {al> ... , an} and {Tl> ... , Tn} be the generators of 
H(r) and H(II), respectively. Let p be an m-covering from r to II. Then there exists an 
epimorphism of groups X from H(r) to H(II) with the following properties: 
(1) x(ai ) = Ti (i E Nn ). 
(2) X(H(r»)A) s;;;; H(II)p(A) for every chamber A of r. 
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(3) For every flag F of corank m of r, the epimorphism X induces an isomorphism from 
H(ryt(F)to H(IIyt(p(F». 
(4) For every chamber A of r, and for every flag F of corank m of r, we have 
X(H(T)'J.(F» = H(II);:~}F». 
PROOF. We have p(ail ... ai.(C» = 'l"il ... 'l"i.(P(C», since p preserves adjacency of 
chambers, for all chambers C of r. This shows that X( ail' .. ai.) = 'l"il ... 'l"i. is a well 
defined homomorphism from H(T) to H(II). To show that X is surjective, let 
'l"il ' .. 'l"i, E H(II), and let Y be a chamber of r. As above we see that 
p(ail ' .. ai.(Y» = 'l"il ... 'l"i.(P(Y», and X is an epimorphism of groups. 
The proof of (1) is clear. 
Let us show (2). Let aEH(T)A- Then p(A)=p(a(A»=x(a)(p(A» implies 
X( a) E H(II)p(A)' 
We prove (3). It follows immediately from the beginning of the proof that, for every 
flag F, the epimorphism X induces an epimorphism Xct(F), the restriction of X to 
H(ryt(F), from H(T)ct(F) to H(IIyt(p(F». It remains to show that X is injective. Let F 
be a flag of co rank m, and let a E H(T)ct(F) be such that X( a) = 1. Let K U L be any 
chamber of r such that t(K) = ct(F). Then we have a(K U L) = R U L. On the other 
hand, PL is an isomorphism from r L to IIp(L)' and a acts on r L. From this we obtain 
K=R and a= 1. 
Finally, we show (4). Let A be a chamber of r, and let F be a flag of corank m of r. 
Then it follows from (2) and (3) that a E H(T)'J.(F) implies X( a) E H(II)~\~t». 
Conversely, let 'l" E H(II)~t(X}F». Then we see that 'l" E H(IIyt(P(F», and there is an 
element a E H(T)ct(F) such that X( a) = 'l". The m-covering p forces a E H(T)C;:(F). 0 
THEOREM 5.3. Let rand II be geometries of rank n. Let H(T), H(II) be their Hecke 
groups, and let a1> ... , an and 'l"1>"" 'l"n be the generators of H(r) and H(II), 
respectively. Suppose that there exists an epimorphism X: H(T)~ H(II) with the 
following properties. 
(1) X( ai) = 'l"i for every i E Nn. 
(2) There exist chambers A and B of r and II, respectively, such that X(H(T)A) S;;; 
H(II)B' 
Then there exists a I-covering p: r~ II such that p(A) = B. Moreover, in addition, we 
assume that the following property holds: 
(3) For every flag C of corank m of r, there is a chamber D of rc and an isomorphism 
induced by X from H(rc)D to H(IIp(C)p(D)' 
Then p is an m-covering from r to II. 
PROOF. Firstly, we define a map from F(T) to F(II), which preserves i-adjacency of 
chambers. For a E H(T) and chambers A and B of r and II, we define ;A,B(a(A» = 
x(a)(B). Then ;A,B is well defined, because a(A) = K(A) implies K-1a E H(T)A, and 
by (2) we obtain X(K)-lx(a) E H(II)B' Since both geometries are connected, and since 
X is surjective, we see that ;A,B is also surjective. Now let X be a chamber and ai be a 
generator of H(T). Then X and ai(X) are i-adjacent chambers. This implies that 
;A,B(X) and ;A,B(ai(X» = 'l"i(;A,B(X» are also i-adjacent. 
Secondly, we define a I-covering p: r ~ II. Let x be an element of r and let K be a 
chamber containing x. Let y E ;A,B(K) such that x and yare of the same type. Then 
p(x) = y is a well defined I-covering. As for this, let L be another chamber containing 
x. By assumption, r. is connected. Therefore we can find an element a E H(ryt(x) such 
that a(L) = K. This shows that ;A,B(K) = ;A,B(a(L» = x(a)(;A,B(L», and we obtain 
y E ;A,B(K) n ;A,B(L) as claimed; thus p is a I-covering. 
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Now assume that property (3) holds. Let C be a chamber of r of corank m: then we 
have to show that Pc is an isomorphism from rc to IIp(c)' We already know that 
pdrc) = IIp(C), since IIp(c) is conneted. We prove that Pc is injective. Let x and z be 
different elements in rc. Then x and z are contained in two chambers Sand T of rc. 
We may assume that x and z are of the same type, whence S * T. Because rc is 
connected, we find an element f3 E H(ryt(C) such that f3(S U C) = T U C. Therefore 
p(T U C) = p(f3(S U C)) = X(f3)(p(S U C)). Suppose that pdS) = pdT); then we see 
that X(f3)p(S U C) = p(S U C). Let us consider the residues rc and IIp(c) as geometries 
over the set ct(C). We may thus assume that X(f3) E H(IIp(C»)p(S)' In view of (3), we 
therefore see that f3 E H(rc)s, because all stabilizers are conjugated. This is a 
contradiction and Pc is injective. Finally, let u and w be incident elements in a residue 
IIQ , where Q is a flag of co rank m of II. Since ;A,B is surjective, we find a chamber X 
of rsuch that u, wand Q are contained in ;A,B(X) = p(X). Let E be the flag such that 
p(E) = Q. Then X\E contains elements a, b such that p(a) = u and p(b) = w, and the 
proof is complete. D 
COROLLARY 5.4. Let r be a geometry. Then there exists a Coxeter geometry I and a 
I-covering p from I to r. If r is of type M, then the Coxeter geometry has the same type 
M as r and is the universal 2-covering. 
PROOF. Let n be the rank of r, and let H(r) be the Hecke group of r generated by 
aI, ... , an' Let W be the group presented by the set of relations rT = 1 for i E Nn and 
(r;r)mii = 1, where m;j = o( a;a) for i, j E Nn (0 denotes the order of an element ofa 
group). Then, up to an isomorphism, W is the Coxeter group of type M = (m;j);,jEN
n
' 
We define cI>(r;) = a;. Then cI> is a canonical epimorphism from W to H(r). On the 
other hand, W defines the Coxeter geometry I, Tits [3.1; 1,2], and W = Autt(I). Of 
course H(I) is a canonical homomorphic image of the Coxeter group. Therefore, by 
Theorem 2.2, this homomorphism is an isomorphism and the assertions follow from 
Theorem 3.3. D 
Some automorphisms of a covering geometry leave the fibers of an m-covering 
invariant. Such automorphisms are called deck transformations. Let p be an m-
covering from r and II. The group D(p) = {g E Autt(r) I pg = p} is called the group of 
deck transformations. 
THEOREM 5.5. Let r and II be geometries with their Hecke groups H(r) and H(II), 
respectively. Let p be an m-covering from r to II, and let X be the canonical 
epimorphism considered in Theorem 5.2. Let A be a chamber of r, and let D(p) be the 
group of deck transformations. Then there is an isomorphism, 
PROOF. Let f be the isomorphism from r to r(H(r)A) considered in Theorem 3.3, 
and let g be a deck transformation. By Theorem 4.4 we have g = f-Iyt for any 
y E NH(r)(H(r)A) such that g(A) = y-I(A), and it is easy to see that p(A) = p(g(A)) = 
p(y-l(A)) = X(y)-l(p(A)) implies that y E X-I(H(II)p(A»)' Now we check immediately 
(compare 4.4) that cI>: X-1(H(II)p(A») n NH(r)(H(r)A)- D(p) defined by cI>(y) = f-Iyt 
is an epimorphism of groups and ker( cI» = H (r)A' 
COROLLARY 5.6. D(p) is regular on p-I(B) for every chamber B of II iff H(r)A 
is normal in X-1(H(II)p(A»)' 
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PROOF. Let D(p) be regular. Let Y E X-1(H(II)p(A» such that y-l(A) = B. Then 
H(r)A = H(r)B = y-1H(r)AY implies that H(r)A is normal in X-1(H(II)p(A»' 
Conversely, for every K E H(r)A' let A = aKa-l, where a E X- 1(H(II)p(A»' Then 
AEH(r)A, because a normalizes H(r)A' and H(r)A =H(r)O(A)' Let D Ep-l(p(C» 
be a chamber, and let aEH(r) such that a(C)=A. Then p(a(D» =x(a)(p(D» = 
x(a)(p(C» = p(a(C» = peA), and hence a(D) Ep-l(p(A». This implies that 
H(r)e = H(r)D' Now the assertion follows from Lemma 4.1. 
COROLLARY 5.7. Let I be a Coxeter geometry, and let r be a geometry. Let W be the 
Coxeter group, and H(r) the Hecke group. Let p be an m-covering from I to r. Then 
the following statements are equivalent: 
(1) D(p) is normal in W. 
(2) H(r) is regular on the chambers of r. 
(3) HA is trivial for any chamber A of r. 
(4) D (p ) = ker(x), where X is the canonical epimorphism from W to H (r). 
REMARK. If we renounce the strong connectedness of the geometries, we cannot 
give a closed group-theoretical presentation. One considers, for example, the thin 
geometry of a cube. We form a new geometry that is not strongly connected by glueing 
only to opposite points together: Then the new geometry has only seven points, but it 
has the same Hecke group as the cube. In both cases the stabilizer of any chamber is 
trivial. 
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